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Abstract
Prolongations of a group extension can be studied in a more general
situation that we call group extensions of the co-type of a crossed
module. Cohomology classification of such extensions is obtained by
applying the obstruction theory of monoidal functors.
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1 Introduction
A description of group extensions by means of factor sets leads to a close
relationship between the extension problem of a type of algebras and the
corresponding cohomology theory. This allows to study extension problems
using cohomology as an effective method [6].
Let A and Π be two groups, A abelian. An extension of A by Π is a
short exact sequence
0→ A
i
→ B
p
→ Π→ 1. (1)
A classical theorem in homological algebra asserts that the group of isomor-
phism classes of extensions of A by Π with a fixed operator ϕ : Π→ AutA is
isomorphic to the second cohomology group H2ϕ(Π, A), [9]. After that, the
group H2 was applied to the problem of classifying all group extensions in
the different situations. This theorem has been made more precise by es-
tablishing a categorical equivalence between the category of extensions and
a certain category whose objects are 2-cocycles [8]. With the notion of a
categorical group (or a Gr-category [14]), many aspects of group extension
problem are raised to a categorical level which help to obtain applications
in algebra (see [4], [15]). This article belongs to this type.
The article is derived from the following classical problem. For a group
extension (1) and a group homomorphism η : Π′ → Π, it follows from the
existence of the pull-back of the pair (η, p) that there is an extension Eη
making the following diagram commute
Eη : 0 // A
j′
// B′
p′
//
β

Π′ //
η

1
E : 0 // A
j
// B
p
// Π // 1
1
(see [9] - Chapter III, [5] - Chapter IV).
The problem is that with a given extension E′ and a homomorphism
η : Π′ → Π, let us find all extensions E of A by Π such that E′ = Eη. Then,
the extension E is said to be a η-prolongation of E′. A brief and general
description of this problem was introduced in [16] (Proposition 5.1.1). In
[13] we show the better descriptions in the case of the central extensions and
η is an injection. Each prolongation induces a model which is “dual” to a
group extension of the type of a crossed module (see Section 6). This leads
to the notion of group extension of co-type of a crossed module studied in
this paper.
The plan of this paper is, briefly, as follows. In Section 2 we recall
reduced categorical groups, monoidal functors of type (ϕ, f). In Section
3 we show the relation between the category of crossed modules and the
category of strict Gr-categories, which is a useful tool in the next proofs.
Next, we introduce the notion of a ζ-extension of the co-type of a crossed
module in Section 4, and we construct the obstruction theory of a ζ-extension
(Theorem 6). In Section 5 we present Schreier theory for ζ-extensions of the
co-type of a crossed module (Theorem 9). The last section is devoted to
applying the results of previous sections to the problem of prolongations of
a group extension in [13].
2 Preliminaries
For later use, we recall here some basic facts and results about categorical
groups (see [12], [14]).
A categorical group is a monoidal category (G,⊗, I,a, l, r) in which
every object is invertible and the underlying category is a groupoid. If
(F, F˜ , F∗) is a monoidal functor between categorical groups, the isomorphism
F∗ : I
′ → FI can be deduced from F and F˜ . Thus, we will refer to (F, F˜ )
as a monoidal functor.
Two monoidal functors (F, F˜ ) and (F ′, F˜ ′) from G to G′ are homotopic
if there is a natural monoidal equivalence (or a homotopy) α : (F, F˜ , F∗) →
(F ′, F˜ ′, F ′∗), which is a natural equivalence such that F
′
∗ = αI ◦ F∗.
Each categorical group G determines three invariants, as follows:
1. The set pi0G of isomorphism classes of the objects in G is a group
where the operation is induced by the tensor product in G.
2. The set pi1G of automorphisms of the unit object I is a pi0G-module.
3. An element [k] ∈ H3(pi0G, pi1G) is induced by the associativity con-
straint of G.
Based on the data: a group Π, a Π-module A and k ∈ Z3(Π, A), we
construct a categorical group, denoted by Red(Π, A, k) whose objects are
elements x ∈ Π and the morphisms are automorphisms (x, a) : x → x,
where x ∈ Π, a ∈ A. The composition of two morphisms is induced by the
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addition in A
(x, a) ◦ (x, b) = (x, a+ b).
The tensor products are given by
x⊗ y = x.y, x, y ∈ Π,
(x, a) ⊗ (y, b) = (xy, a+ xb), a, b ∈ A.
The unit constraints of the categorical group Red(Π, A, k) are strict, and its
associativity constraint is ax,y,z = (xyz, k(x, y, z)).
In the case where Π, A, [k] are three invariants of a categorical group G
then Red(Π, A, k) is monoidally equivalent to G and it is called a reduction
of G, hence denoted by G(k).
A functor F : Red(Π, A, k)→ Red(Π′, A′, k′) is of type (ϕ, f) if
F (x) = ϕ(x), F (x, a) = (ϕ(x), f(a)),
where ϕ : Π→ Π′, f : A→ A′ are group homomorphisms satisfying f(xa) =
ϕ(x)f(a), for x ∈ Π, a ∈ A. Note that if Π′-module A′ is considered as a Π-
module under the action xa′ = ϕ(x).a′, then f : A→ A′ is a homomorphism
of Π-modules. In this case, we call (ϕ, f) a pair of homomorphisms and call
ξ = ϕ∗k′ − f∗k ∈ Z
3(Π, A′) (2)
an obstruction of the functor F , where ϕ∗, f∗ are canonical homomorphisms
Z3(Π, A)
f∗
−→ Z3(Π, A′)
ϕ∗
←− Z3(Π′, A′).
The results on monoidal functors of type (ϕ, f) stated in [12] are summarized
in the following proposition.
Proposition 1. Let G and G′ be two categorial groups, G(k) and G′(k′) be
their reductions, respectively.
i) Every monoidal functor (F, F˜ ) : G → G′ induces one G(k) → G′(k′)
of type (ϕ, f).
ii) Every monoidal functor G(k)→ G′(k′) is a functor of type (ϕ, f).
iii) A functor F : G(k) → G′(k′) of type (ϕ, f) is realizable, that is, it
induces a monoidal functor, if and only if its obstruction [ξ] vanishes in
H3Γ(Π, A
′). Then, there is a bijection
Hom(ϕ,f)[G(k),G
′(k′)]↔ H2Γ(Π, A
′),
where Hom(ϕ,f)[G(k),G
′(k′)] is the set of all homotopy classes of monoidal
functors of type (ϕ, f) from G(k) to G′(k′).
3
3 Categorical groups associated to a crossed mod-
ule
A categorical group is strict, according to Joyal and Street [7], if all of its
constraints are strict and every object has a strict inverse (x⊗y = 1 = y⊗x).
Brown and Spencer [3] called it a G-groupoid. The authors of [3] showed that
there is a categorical equivalence between the category of crossed modules
and that of G-groupoids, and hence crossed modules can be studied by means
of category theory. The Brown-Spencer equivalence has recently developed
for the category of (braided) crossed bimodules (see [10], Theorems 4.3, 4.4).
Definition. A crossed module is a quadruple (B,D, d, θ) where d : B →
D, θ : D → AutB are group homomorphisms such that the following rela-
tions hold
C1. θd = µ,
C2. d(θx(b)) = µx(d(b)), x ∈ D, b ∈ B,
where µx is an inner automorphism given by conjugation of x.
Definition. A homomorphism (f1, f0) : (B,D, d, θ) → (B
′,D′, d′, θ′) of
crossed modules consists of group homomorphisms f1 : B → B
′, f0 : D → D
′
satisfying
H1. f0d = d
′f1,
H2. f1(θxb) = θ
′
f0(x)
f1(b),
for all x ∈ D, b ∈ B.
In the present paper, the crossed module (B,D, d, θ) is sometimes de-
noted by B
d
→ D. For convenience, we denote by the addition for the
operation in B and by the multiplication for that in D.
The following properties follow from the definition of a crossed module.
Proposition 2. Let (B,D, d, θ) be a crossed module.
i) Kerd ⊂ Z(B).
ii) Imd is a normal subgroup in D.
iii) The homomorphism θ induces a homomorphism ϕ : D → Aut(Kerd)
given by
ϕx = θx|Kerd.
iv) Kerd is a left Cokerd-module with the action
sa = ϕx(a), a ∈ Kerd, x ∈ s ∈ Cokerd.
As mentioned above, a categorical group can be seen as a crossed module
[3], [7]. To help motivate the reader, we present this fact in detail.
For each crossed module (B,D, d, θ), one can construct a strict categori-
cal group GB→D = G, called the categorical group associated to the crossed
module B → D, as follows.
ObG = D, Hom(x, y) = {b ∈ B | x = d(b)y},
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where x, y are objects of G. The composition of two morphisms is given by
(x
b
→ y
c
→ z) = (x
b+c
→ z).
The tensor functor is given by x⊗ y = xy and
(x
b
→ y)⊗ (x′
b′
→ y′) = (xx′
b+θyb′
−→ yy′). (3)
Conversely, for a strict categorical group (G,⊗), we define a crossed
module CG = (B,D, d, θ) as follows. Set
D = ObG, B = {x
b
−→ 1|x ∈ D}.
The operations on D and on B are given by
xy = x⊗ y, b+ c = b⊗ c,
respectively. Then, the set D becomes a group in which the unit is 1, the
inverse of x is x−1 (x ⊗ x−1 = 1). The set B is a group in which the unit
is the morphism (1
id1−−→ 1) and the inverse of (x
b
−→ 1) is the morphism
(x−1
b
−→ 1)(b⊗ b = id1).
The homomorphisms d : B → D and θ : D → AutB are respectively
given by
d(x
b
−→ 1) = x,
θy(x
b
−→ 1) = (yxy−1
idy+b+idy−1
−−−−−−−−→ 1).
The following result shows the relationship between homomorphisms of
crossed modules and monoidal functors of associated categorical groups.
Proposition 3 ([11]). Let (f1, f0) : (B,D, d, θ) → (B
′,D′, d′, θ′) be a ho-
momorphism of crossed module.
i) There is a functor F : GB→D → GB′→D′ given by
F (x) = f0(x), F (b) = f1(b),
where x ∈ ObG, b ∈ MorG,
ii) Natural isomorphisms F˜x,y together with F is a monoidal functor if
and only if F˜x,y = ϕ(x, y), where ϕ ∈ Z
2(Cokerd,Kerd′).
Note. In the category of G-groupoids in [3], the morphisms (F, F˜ ) satisfy
F˜ = id.
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4 Group extensions of the co-type of a crossed
module
In this section we introduce a concept which is “dual” to the concept of
group extension of type B
d
→ D in [1, 2]. As will be showed later, it is also
regarded as a generalization of the prolongation problem of group extensions
[13].
Definition. Let d : B → D be a crossed module. A group extension of A
of co-type B
d
→ D is a diagram of group homomorphisms
B
d
//
β

D
0 // A
j
// E
p
// D // 1,
where the bottom row is exact, j(A) ⊂ Z(E), the pair (β, idD) is a morphism
of crossed modules.
Since the bottom row is exact and since p ◦ β ◦ i = d ◦ i = 0, where
i : Ker d → B is an inclusion, there exists a unique homomorphism ζ :
Kerd→ A such that the left hand side square commutes
Kerd
i
//
ζ

B
d
//
β

D
0 // A
j
// E
p
// D // 1.
(4)
This homomorphism is defined by
j(ζc) = β(ic), c ∈ Kerd. (5)
Moreover, ζ depends only on the equivalence class of the extension E.
Note on terminologies. Since the homomorphism θ′ of the crossed mod-
ule E
p
→ D is the conjugation and since j(A) ⊂ Z(E), θ′x acts on A as an
identity. Thus, the group A can be seen as a D-module with the trivial
action. Then,
ζ(sc) = ζ(c), s ∈ Coker d, c ∈ Ker d. (6)
Indeed, By Proposition 2, θx(c) ∈ Ker d, so one has
jζ(θx(c))
(5)
= βi(θxc) = β(θxc)
(H2)
= θ′x(βc) = θ
′
x(jζ(c)) = jζ(c).
Since j is injective, we obtain (6). Thus, it defines a trivial Coker d-module
structure on Imζ.
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The homomorphism ζ : Ker d → A satisfying the condition (6) is called
an abstract ζ-kernel of the crossed module B
d
→ D. An extension of A of
co-type B
d
→ D inducing ζ : Ker d → A is said to be an extension of the
abstract ζ-kernel, or a ζ-extension of co-type B
d
→ D.
• The obstruction theory: the case ζ is surjective
From now on, assume that ζ : Ker d→ A is an onto homomorphism. We
use the obstruction theory of monoidal functors to deal with the existence
of ζ-extensions.
Let G = GB→D be the categorical group associated to crossed module
B → D. Since pi0G = Coker d and pi1G = Ker d, the reduced categorical
group G(k) is of form
G(k) = Red(Cokerd,Kerd, k), [k] ∈ H3(Cokerd,Kerd),
where the associativity constraint k is defined as follows. Choose a set of
representatives {xs | s ∈ Cokerd} in D. For each x ∈ s choose an element
bx ∈ B satisfying xs = d(bx)x, bxs = 0. According to [14], the family (xs, bx)
is called a stick. It defines a monoidal functor (H, H˜) : G(k)→ G by
H(s) = xs, H(s, a) = a, H˜r,s = −bxrxs .
Then, k is determined by the following commutative diagram
xs(xrxt)
xs⊗H˜r,t
−−−−−→ xsxrt
H˜s,rt
−−−−→ xsrt∥∥∥
yk(s,r,t)
(xsxr)xt
H˜s,r⊗xt
−−−−−→ xsrxt
H˜sr,t
−−−−→ xrst.
(7)
By the relation (3), this diagram implies
θxs(H˜r,t) + H˜s,rt + k(s, r, t) = H˜s,r + H˜sr,t.
We write k = δ(H˜) even though the function H˜ takes values in B. The
cohomology class
Obs(ζ) = [ζ∗k] ∈ H
3(Cokerd,A)
is called the obstruction of the abstract ζ-kernel.
The onto homomorphism ζ : Ker d → A induces a quotient category
G/Ker ζ with the same objects of G(= D), but morphisms are homotopy
classes of morphisms in G, i.e., elements of the group B = B/Ker ζ. The
category G/Ker ζ is just the categorical group associated to the crossed
module (B, d, θ,D) induced by the crossed module (B, d, θ,D).
Lemma 4. If the obstruction Obs(ζ) vanishes in H3(Coker d,A), there ex-
ists a monoidal fuctor Red(D,A, 0)→ G/Ker ζ.
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Proof. If Obs(ζ) vanishes in H3(Cokerd,A), then ζ∗k = δg, where g :
(Cokerd)2 → A. Consider a functor
F : Red(D,A, 0) → Red(Coker d,A, δg),
for F = (q, id), where q is the natural projection. The obstruction of F is
q∗(δg) = δ(q∗g).
Thus, F together with F˜ = q∗g is a monoidal functor. It follows the existence
of a monoidal functor from Red(D,A, 0) to G/Ker ζ.
Lemma 5. Each monoidal functor Red(D,A, 0) → G/Ker ζ defines a ζ-
extension of co-type B
d
→ D.
Proof. Construction of the crossed product from a monoidal functor (Γ, Γ˜) :
Red(D,A, 0)→ G/Ker ζ.
The morphism Γ˜ defines an associated function g : D2 → A by Γ˜s,r =
(1, g(s, r)). Now, we set ϕ : Coker d→ AutB by
ϕs(b) = θxsb(= θxs(b)). (8)
Since xrxs = d(Γ˜r,s)xrs, the functions ϕ, g satisfy the rule
ϕsϕr = µg(s,r)ϕsr.
Since δg = 0, according to Lemma 8.1 [9] one can defines a crossed product
Eg = [B, g, ϕ,Coker d]. Namely, Eg = B ×Coker d and the operation on Eg
is
(b, s) + (c, r) = (b+ ϕs(c) + g(s, r), sr). (9)
In this group (0, 1) is the zero, while the negative of the element (b, s) is
(b′, s−1), where ϕs(b′) = −b− g(s, s
−1). One obtains an exact sequence
Eg : 0→ A
jg
−→ Eg
pg
−→ D → 1,
where jg(ζ(c)) = (c, 1), pg(b, s) = db.xs. Indeed,
pgjg(ζ(c)) = pg(c, 1) = dc.xs = 1,
and for (b, s) ∈ Ker(pg), then pg(b, s) = db.xs = 1. By the uniqueness of the
representation in D, we have db = 1 and xs = 1, it follows that b ∈ Kerd
and s = 1, or (b, s) ∈ Im(jg).
We prove that jg(A) ⊂ Z(Eg). For b, c ∈ B, one has
µ(b,s)(c, 1) = (µbϕs(c), 1) (10)
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If c ∈ Ker d, then by (6), ϕs(c) = c. Hence,
µ(b,s)(c, 1) = (µb(c), 1) = (b+ c− b, 1) = (c, 1).
Since jg(A) ⊂ Z(Eg) and pg is a surjection, Eg
pg
→ D is a crossed module
in which the homomorphism θ′ : D → AutEg is the conjugation. To define
the morphism (β, idD) of crossed modules, one set
β : B → Eg, β(b) = (b, 1).
This correspondence is a homomorphism thanks to the relation (9). Clearly,
pg ◦ β = d. Moreover, for all c ∈ B and x = db.xs ∈ D, we have
β(θx(c)) = β(θdb(θxs(c))) = (µbθxs(c), 1)
(8)
= (µbϕs(c), 1).
Since θ′x = µ(b,s),
θ′xβ(c) = µ(b,s)(c, 1)
(10)
= (µbϕs(c), 1)
Thus, the relation H2 holds, and Eg is a ζ-extension of co-type B
d
→ D.
We state one of the paper’s main results.
Theorem 6. Let ζ : Kerd→ A be the abstract ζ-kernel of the crossed module
B
d
→ D. Then, the vanishing of the obstruction Obs(ζ) in H3(Coker d,A) is
necessary and sufficient for there to exist a ζ-extension of co-type B
d
→ D.
Proof. Necessary condition. Let E be a ζ-extension of co-type B → D satis-
fying the diagram (4). Then, the reduced categorical group of the categorical
group G′ associated to the crossed module E
p
→ D is Red(1, A, 0). By Propo-
sition 3, the pair (β, idD) determines a monoidal functor (F, F˜ ) : G → G
′.
By Proposition 1, (F, F˜ ) induces a monoidal functor of type (0, ζ) from
Red(Cokerd,Kerd, k) to Red(1, A, 0). Also by Proposition 1, the obstruc-
tion [ζ∗k] of the pair (0, ζ) vanishes in H
3(Coker d,A).
Sufficient condition. It follows directly from Lemma 4 and Lemma 5.
5 Classification theorem
Definition. Two ζ-extensions of co-type (B,D, d, θ),
0→ A
j
−→ E
p
−→ D → 1, B
β
→ E
0→ A
j′
−→ E′
p′
−→ D → 1, B
β′
→ E′
are equivalent if there is an isomorphism ω : E → E′ such that ωj = j′,
p′ω = p and ωβ = β′.
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We denote by
ExtB→D(D,A, ζ)
the set of all equivalence classes of ζ-extensions of co-type B → D inducing
ζ. We describe this set by means of the set
Hom(0,ζ)[Red(D,A, 0),G/Ker ζ]
of homotopy classes of monoidal functors of type (0, ζ) from Red(D,A, 0)
to G/Ker ζ. First,let q : B → B = B/Ker ζ, and σ : D → Coker d be the
natural projections, one states the following lemma.
Lemma 7. If ζ is surjective, then the commutative diagram (4) induces a
short exact sequence
0→ B
ε
−→ E
σp
−→ Coker d→ 1, (11)
where ε(b+Ker ζ) = β(b).
Proof. Obviously, σp is surjective. It is easy to see that Ker β = Ker ζ,
so ε is injective. The diagram (4) implies σpε(b) = σpβ(b) = σd(b) = 1,
this means that the above sequence is semi-exact. For e ∈ Ker(σp), p(e) ∈
Kerσ = Imd, and hence p(e) = d(b) = pβ(b) = pε(b). Then, e = ε(b) + ja.
Since ja = jζ(c) = β(c) = ε(c), e = ε(b+ c) ∈ Imε. Thus, the sequence (11)
is exact.
Lemma 8. Each ζ-extension of co-type B → D is equivalent to a crossed
product extension which is constructed from a monoidal functor of type (0, ζ),
(Γ, Γ˜) : Red(D,A, 0)→ G/Ker ζ.
Proof. Let E be a ζ-extension of co-type B
d
→ D. By the proof of Theorem
6, there is a monoidal functor (Γ, Γ˜) : Red(D,A, 0) → G/Ker ζ. By Lemma
5, the crossed product Eg, where g is the function associated with Γ˜, is a
ζ-extension of co-type B
d
→ D in which
βg : B → Eg, b 7→ (b, 1).
Thanks to the exact sequence (11) in Lemma 7, each element of E can
be represented uniquely as εb+ es, where {es, s ∈ Coker d} is a set of repre-
sentatives of Coker d in E. It is easy to check that the correspondence
ω : E → Eg, εb+ es 7→ (b, s)
is a group isomorphism. Moreover, ω makes two extensions E and Eg equiv-
alent.
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Theorem 9 (Schreier theory for extensions of co-type of a crossed module).
If ζ-extensions of co-type B
d
→ D exist, then there is a bijection
Ω : ExtB→D(D,A, ζ)→ Hom(0,ζ)[Red(D,A, 0),G/Ker ζ].
Proof. The correspondence E 7→ (Γ, Γ˜) in Lemma 8 defines a correspondence
[E] 7→ [(Γ, Γ˜)]. The fact that Ω is injective implies by following steps.
Step 1: If monoidal functors (Γ, Γ˜) and (Γ′, Γ˜′) are homotopic, then two
extensions Eg and Eg′ are equivalent.
Let Γ,Γ′ : Red(D,A, 0) → G/Ker ζ be two monoidal functors and α :
Γ→ Γ′ be a homotopic. Then, the following diagram commutes
ΓsΓr Γsr
Γ′sΓ′r Γ′sr.
✲
Γ˜
❄
αs⊗αr
❄
αsr
✲
Γ˜′
Since the morphisms αs are of forms (1, as), it follows from the above dia-
gram that
g(s, r)− g′(s, r) = as + ar − asr = (δa)(s, r). (12)
Since ζ is surjective, as = ζ(zs), where z : Coker d → Ker d is a normalized
function.
Then, by (12), α determines a map ω : Eg → Eg′ by
(b, s) 7→ [b+ zs, s]. (13)
By the relation (6) and by the definition of operations in Eg, Eg′ , the map
ω is a group homomorphism. Further, it makes two extensions E and Eg
equivalent.
Step 2: If two extensions Eg and Eg′ are equivalent, then (Γ, Γ˜) and (Γ, Γ˜)
are homotopic.
Let Eg and Eg′ be equivalent via the isomorphism ω : Eg → Eg′ . From
pg = pg′ω : Eg → E
′
g → D, it follows that ω is of the form (13), where
z : Coker d → Ker d is a normalized function. Since ω is a homomorphism,
α = ζ∗k is a homotopy between Γ and Γ
′.
It follows from Lemma 5 that Ω is surjective.
It follows from Proposition 1 and Theorem 9 that
Corollary 10. If ζ-extensions of co-type B
d
→ D exist, then there is a
bijection
ExtB→D(D,A, ζ)↔ H
2(Coker d,A).
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6 Prolongations of a group extension
In this section we show an application of ζ-extensions of co-type of a crossed
module in order to obtain the results on prolongations of a group extension
in the sense of [13]. Given a commutative diagram of group homomorphisms
B : 0 // Kerpi
i
//
ζ

B
pi
//
β

Π //
η

1
E : 0 // A
j
// E
p
// D // 1
(14)
where the rows are exact, Kerpi ⊂ ZB, η is a normal monomorphism (in the
sense that ηΠ is a normal subgroup of D) and ζ is an epimorphism. Then,
E is said to be a (ζ, η)-prolongation of B.
For the quotient group B = B/Ker ζ, the homomorphisms i, ηpi, ζ, β in
the commutative diagram (14) induce the homomorphisms ι, d, ζ, β, respec-
tively, such that the following diagram commutes
Kerd
ι
//
ζ

B
d
//
β

D
0 // A
j
// E
p
// D // 1,
(15)
Besides, according to Theorem 2 [13], E induces a homomorphism θ : D →
AutB such that the quadruple (B,D, d, θ) is a crossed module.
Theorem 11. E is a ζ-extension of co-type (B,D, d, θ).
Proof. In the diagram (15), since the bottom row is exact and jA ⊂ ZE
(Theorem 10 [13]), the epimorphism p : E → D together with the conju-
gation in E is a crossed module. It is easy to see that the pair (β, idD)
is a homomorphism of crossed modules, so E is a ζ-extension of co-type
(B,D, d, θ).
• The problem of prolongations of a group extension.
Given a diagram of group homomorphisms
E : 0 // Kerpi
i
//
ζ

B
pi
// Π //
η

1
A D
where the row is exact, i is an inclusion map, Kerpi ⊂ ZB, η is a normal
monomorphism, ζ is surjective, and a group homomorphism θ : D → Aut(B)
such that the quadruple (B,D, d, θ) is a crossed module (where the notations
B, d are defined as above). These data are denoted by the triple (ζ, η, θ),
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called a pre-prolongation of E . A (ζ, η)-prolongation of E inducing θ is also
called a covering of the pre-prolongation (ζ, η, θ).
The “prolongation problem” is that of finding whether there is any cov-
ering of the pre-prolongation (ζ, η, θ) of E and, if so, how many.
According to [13], each pre-prolongation (ζ, η, θ) of E induces an obstruc-
tion k. This obstruction is just the obstruction of an abstract ζ-kernel of
the crossed module B
d
→ D. Thus, from the results on crossed modules in
previous sections, one obtains the solution of the problem of prolongations
of a group extension (Theorem 8 and Theorem 15 in [13]).
Theorem 12. Let (ζ, η, θ) be a pre-prolongation.
i) The vanishing of the obstruction [ζ∗k] in H
3(Coker d,A) is necessary
and sufficient for there to exist a covering of (ζ, η, θ).
ii) If [ζ∗k] vanishes, there is a bijection
Ext(ζ,η)(D,A)↔ H
2(Coker d,A),
where Ext(ζ,η)(D,A) is the set of equivalence classes of (ζ, η)-prolongations
of the extension B inducing θ.
Proof. i) According to Theorem 6, the vanishing of [ζ∗k] inH
3(Coker d,A) is
necessary and sufficient for there to exist a ζ-extension E of co-type B
d
→ D.
Thanks to the following diagram, this is equivalent to the fact that E is a
covering of the pre-prolongation (ζ, η, θ),
B : 0 // Kerpi
i
//
ζ0

B
pi
//
p0

Π //
η

1
Kerd
ι
//
ζ

B
d
//
β

D
E : 0 // A
j
// E
p
// D // 1.
ii) It is clear that two coverings of the pre-prolongation (ζ, η, θ) are equivalent
if and only if they are two equivalent ζ-extensions of co-type B
d
→ D, that
is, there is a bijection
Ext(ζ,η)(D,A)↔ ExtB→D(D,A, ζ).
Now, by Corollary 10, we have the bijection
Ext(ζ,η)(D,A)↔ H
2(Coker d,A).
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